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Learning 4-D Spatial Representations Through
Perceptual Experience With Hypercubes

Takanobu Miwa, Yukihito Sakai, and Shuji Hashimoto, Member, IEEE

Abstract—Imagine a day when humans can form mental
representations of higher-dimensional space and objects. These
higher-dimensional spatial representations may enable us to gain
unique insights into scientific and cultural advancements. To aug-
ment human spatial cognition from three to four dimensions, we
have developed an interactive 4-D visualization system for acquir-
ing an understanding of 4-D space and objects. In this paper, we
examine whether humans are capable of formulating 4-D spa-
tial representations through perceptual experience in 4-D space
with 4-D objects. Participants learn about 4-D space and hyper-
cubes through an interactive system, and are then examined on
a series of 4-D spatial ability tests. They demonstrate the abil-
ity to perform perspective taking, navigation, and mental spatial
transformation tasks in 4-D space. The results provide empir-
ical evidence that humans are capable of learning 4-D spatial
representations. Moreover, the results support the interpretation
that humans form a cognitive coordinate system, consisting of an
origin and four directional axes, to understand 4-D space and
objects.

Index Terms—4-D interaction, perspective taking, spatial
representations, spatial transformations, spatial visualization
ability.

I. INTRODUCTION

MENTAL representations of space and objects are
strongly related to human cognitive processing, which

includes thinking, learning, and problem solving. For instance,
the ability to understand shapes, sizes, orientation, and spatial
relations, to use mental maps to orient oneself in a maze-
like environment, and to imagine different perspectives of an
object is rooted in these mental representations. Furthermore,
spatial representations are important in nearly all areas of
science, technology, engineering, and mathematics, because
spatial thinking is widely used as a tool for learning and devel-
opment. For example, students of these disciplines might draw
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figures and diagrams to grasp the relationships among vari-
ables when solving a problem or proving a theorem. Thus, for
many psychologists, cognitive scientists, and educators, it is of
both theoretical and practical importance to study the cognitive
structure and development of human spatial representations.

As we live in a world with three dimensions and interact
with 3-D objects, we have evolved a vision system and spa-
tial cognition that is adapted to 3-D space and objects. For
many researchers, this naturally makes mental representations
of 3-D space and objects the primary area of interest [1]–[8].
However, it is reasonable to consider whether the dimensional
limitations of the physical world necessarily restrict human
spatial representations to three dimensions. In other words,
the question of whether humans can acquire mental repre-
sentations of higher-dimensional space and objects without
relying on mathematical representations remains an open ques-
tion. As science and technology cannot make advances without
an understanding of complex higher-dimensional data, and
because higher-dimensional spatial representations enable us
to gain direct insights into such data, this fundamental question
merits greater attention.

To answer this question, one possible approach comes from
the theory of empiricism. Empiricist philosophers consider
all human knowledge to be primarily derived from sensory
experience. According to this view, our mental representa-
tions of 3-D space are formed from perceptual experiences
of and interactions with 3-D objects. Assuming this is true, if
we can accumulate experience of higher-dimensional space
in an environment that provides interactions with higher-
dimensional objects, we will acquire mental representations
of higher-dimensional space and objects. Indeed, some studies
have demonstrated the validity of this hypothesis experimen-
tally [9]–[14]. These studies examine human 4-D spatial ability
by measuring judgments of simple 4-D tasks and provide
important evidence that humans are capable of acquiring 4-D
spatial representations. Hence, our current research interest
continues to more complex 4-D judgments, such as spatial
orientation, perspective taking, and spatial transformations.

In this paper, building on our preliminary work [15], we
examine the possibility of acquiring 4-D spatial representa-
tions by testing participants’ abilities to perform perspective
taking and mental spatial representations in 4-D space. In the
experiments, we provide participants with extensive training of
4-D space and objects through the interactive 4-D visualization
system developed in our previous work [16]–[18]. We then use
two different spatial recognition tasks to measure the partici-
pants’ 4-D spatial visualization ability. In the first task, which
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assesses perspective taking and navigational skills, the partic-
ipants guide themselves in 4-D space to obtain the desired
view of a 4-D object. In the second task, which assesses
mental spatial transformations, we ask the participants to men-
tally reconstruct a 4-D object from multiple 3-D projection
drawings. The abilities required for these tasks involve mental
representations of the spatial relations between an individual
and objects in 4-D space. Thus, successful performance by the
participants in these 4-D tasks would provide empirical evi-
dence that humans are able to learn 4-D spatial representations
through perceptual experiences.

The remainder of this paper is organized as follows. First,
we review the relevant literature on 4-D spatial cognition and
state the position of this paper in Section II. In Section III,
we present the configuration of the interactive visualization
system used in the evaluation experiments. In Section IV,
we describe the methods and results of the first experiment,
which assesses perspective taking and navigational skills in
4-D space. We describe the method and results of the second
evaluation experiment, which assesses the ability to perform
mental spatial transformations in 4-D space, in Section V. A
general discussion of the results and their implications is given
in Section VI. Finally, we conclude this paper in Section VII.

II. RELATED WORK

In this section, we review the relevant literature on 4-D
spatial cognition. We first summarize methods from the fields
of computer graphics and virtual reality for visualizing and
interacting with 4-D objects, and then discuss some recent
studies on human 4-D spatial cognition from the field of
psychology.

A. Visualization of and Interaction With 4-D Space and
Objects

Conventional 4-D visualization techniques take one of two
major approaches. The first projects a 4-D object into 3-D
space, just as 2-D projections of 3-D objects are formed on
the retina [19]–[24]. The second approach slices a 4-D object
with a hyperplane in 4-D space, just as we cut a 3-D object
with a 2-D plane [24]–[26]. In this paper, we focus on the first
approach. This has the advantage that it maintains various orig-
inal 4-D geometric features, not only the structural continuity
and spatial relations, but also parallelism and orthogonality.
This advantage helps people determine the overall shape of
a 4-D object and geometric features, such as its size, posi-
tion, and orientation. In previous studies, a 4-D eye-point is
either fixed or undergoes limited changes. Here, we construct a
visualization algorithm that enables 4-D objects to be observed
from an arbitrary position and direction in 4-D space.

There have been some efforts to develop 4-D interaction
techniques. In these systems, the operation of common input
devices, such as a mouse, keyboard, or touch-screen [27], [28]
was associated with geometric operations on a 4-D object.
Another approach associates human body motion with geo-
metric operations on 4-D objects [29]. These systems enable
the user to observe the rotation of a 4-D object in 3-D space.
However, because the interface in these studies was designed

in 3-D space, the association between the user’s operation in
3-D space and the geometric operation in 4-D space is deter-
mined by art rather than nature. Therefore, we have developed
a new interface that enables the user to control a 4-D eye-
point and a 4-D viewing direction in a natural fashion using
the geometric processing of 4-D space.

In our previous work, we constructed a 4-D visualization
algorithm via 5-D homogeneous processing. This algorithm
enables 3-D perspective drawings of any 4-D data to be visu-
alized in 3-D space from an arbitrary 4-D eye-point, viewing
direction, and viewing field [30], [31]. Moreover, we con-
structed an interactive 4-D space display system that translates
human actions in 3-D space to the movement and direction
of a 4-D eye-point bounded on a 4-D spherical surface [30].
We associated human actions in 3-D space with an intuitive
interface, in this case, a flight-controller pad. With this system,
users can observe 4-D data, such as 4-D solids, 3-D time-series
data, and 4-D mathematical data in an arbitrary 4-D viewing
field while intuitively moving in 4-D space [30], [32], [33].
In addition, we generalized 4-D geometric element definitions
and interference via 5-D homogeneous processing [34].

Through these studies, we have found that people utilize
principal vanishing points as landmarks to understand their
position and orientation as they move in 4-D space. Inspired
by this discovery, we developed a novel algorithm that deter-
mines the 4-D eye-point and 4-D viewing direction from the
3-D positions of the principal vanishing points. Using this
algorithm, we constructed a new interactive 4-D visualiza-
tion system that employs the principal vanishing points as
an interface to control the movement of a 4-D eye-point and
changes in the 4-D viewing direction [16]–[18]. To evaluate
the effectiveness of our interactive system based on princi-
pal vanishing points, we compared the usability of our system
with that of two conventional interaction methods: 1) a clas-
sic keyboard-based system, which handles parameter changes
regarding the 4-D eye-point movement and 2) our previous
system, which utilizes a flight-controller pad associated with
human actions in 3-D space. We performed an objective eval-
uation of the operation time and subjective evaluation of how
it feels to operate the system. The results suggest that our
interactive system has superior usability in terms of 4-D eye-
point control to observe various 3-D perspective drawings of
4-D data [16]. Therefore, in this paper, we use this interactive
system as an apparatus to train experimental participants and
examine their 4-D spatial ability.

B. 4-D Spatial Cognition

As discussed above, research has shown that 4-D space and
objects can be visualized in 3-D space with the aid of com-
puter graphics and virtual reality. However, it remains to be
determined whether humans can acquire mental representa-
tions or an intuitive understanding of 4-D space and objects
without the aid of mathematical representations.

There are some studies that challenge this possibility. They
can be classified into two categories according to how they
assess 4-D spatial representations. The first category relies
on informal subjective reports that assess the participants’
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ability to acquire an understanding of 4-D space and objects.
For example, Davis et al. [9] reported that mathematicians
who interacted with a hypercube visualized by a computer
claimed that they suddenly “felt” it. These subjective reports
have significant importance as initial evidence of the capability
to develop mental representations of 4-D space and objects.
Nevertheless, informal subjective reports cannot quantitatively
reveal what type of 4-D spatial representations people acquire
from the 4-D experience. Thus, studies including objective
evaluations are needed to probe the possibility and nature of
4-D spatial representations.

The second category relies on objective evaluation methods
that assess performance on cognitive tasks related to 4-D space
and objects. As it is assumed that all spatial tasks are solved
using internal manipulations of mental images, the ability to
solve a certain task within 4-D space can serve as evidence
that a person has 4-D spatial representations in their mental
space. Aflalo and Graziano [10] used path integration as a test
of 4-D navigational skills, because successful path integration
requires a mental map of an environment. In the study, par-
ticipants used a keyboard to navigate from a starting point to
an end point in a mazelike environment. They then indicated
the direction from the end point back to the starting point by
changing the 4-D viewing direction until they were facing the
starting point. The results show that the participants learned
to indicate the correct direction as they gained 4-D experience
over multiple trials. Ambinder et al. [11] used spatial judgment
tasks consisting of distance and angle estimation in 4-D space.
In their study, participants examined 3-D slices of a 5-cell that
were displayed in a CAVE-type virtual reality system. They
then formed spatial judgments about the geometric features
of the 5-cell, including the distance between two vertices and
the angle between two edges. The results indicate a positive
correlation between the participant responses and the correct
distance and angle, which suggests that participants were able
to make judgments about these 4-D properties. A follow-up
study [12] in which the visualization method was switched
from a slicing approach to orthogonal projection confirmed
this finding.

Although people have demonstrated the ability to form
certain judgments about 4-D objects, this does not in itself
guarantee that their mental representation is actually grounded
in four dimensions. People may use a variety of strategies,
such as prior intuition, a trial-and-error approach, and mechan-
ical solutions, which are useful for solving the task but not
based on 4-D spatial cues. This is always a problem when
assessing 4-D spatial ability, and it even often occurs for 3-D
imagery [35]–[37]. For this reason, when we examine 4-D
spatial representations through objective evaluation, it is nec-
essary to design a 4-D spatial ability test such that it can never
be solved by such strategies. If it is difficult to design such a
task, the solver’s strategy can be identified as a 4-D one by
behavioral observation, analysis of the experimental results,
and post-experiment questionnaires and interviews.

Wang [13] identified this problem and defined the key condi-
tions that 4-D spatial representations should satisfy. According
to his assertion, 4-D spatial representations can be defined
as perceptual or cognitive representations of 4-D objects or

environments that can support judgments about 4-D spatial
relations or spatial properties without using definition-based
lower-dimensional solutions, algebraic equations, or feedback
training. Using these criteria, Wang [14] examined 4-D spatial
representations using the hypervolume, which is a geometric
property unique to 4-D space, as a test of 4-D object visu-
alization ability. In the study, the task solvers observed the
3-D orthogonal projection of a randomly shaped 5-cell that
horizontally rotated to a depth direction in 4-D space. They
then provided their answer for the hypervolume of the 5-cell
by adjusting the size of a hyperblock to match that of the
5-cell. The results show a positive correlation between the
solvers’ responses and the correct hypervolume, but not the
definition-based, lower-dimensional cues, and Wang concluded
that the participants’ 4-D spatial representations meet the
abovementioned definition of 4-D spatial representations. This
suggests that humans are able to form some sort of 4-D spatial
representations that help them perform object visualization.

Here, we briefly summarize the common points and differ-
ences between previous research and this paper. Considering
the characteristics of these previous studies, in this paper,
we examine human 4-D spatial representations under the
following conditions.

1) 4-D Learning Method: As Aflalo and Graziano [10] used
extended training, we allow participants to practice with
4-D space and objects until they are satisfied with their
own understanding. Moreover, unlike Wang [13], who
restricted 4-D rotation to the depth direction, we allow
participants to observe the 4-D objects from arbitrary
4-D positions and directions. These conditions help the
participants to acquire their own 4-D spatial represen-
tations and make more complex 4-D judgments than
previously shown.

2) Experimental Tasks: Ambinder et al. [11] and Wang [14]
examined participants’ understanding of the geometric
properties of an object. In contrast, we examine 4-D
spatial visualization ability, which corresponds to the
ability to process spatial relations, movements, and dif-
ferent perspectives. We therefore use spatial tasks that
can be solved by perspective taking, navigational skills,
and mental spatial transformations, rather than simple
tasks, such as distance, angle, and hypervolume esti-
mation. This enables us to verify whether 4-D spatial
representations are sufficiently flexible and uniform to
perform active cognitive processing, such as predictions
of visual changes in 4-D objects, behavioral decisions
in 4-D space, and mental creation of a novel 4-D
object. Moreover, this helps us develop hypotheses about
possible forms of 4-D spatial representations.

3) Data Analysis: As in conventional studies, we evalu-
ate participants’ performance based on individual subject
analysis to confirm whether they have solved the exper-
imental tasks with 4-D strategies or mechanical strate-
gies. We evaluate each participant’s ability by observing
their actions in 4-D space and scoring their performance
on the experimental tasks. This enables us to ver-
ify whether the participants’ mental representations are
actually grounded in four dimensions.
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III. INTERACTIVE 4-D VISUALIZATION SYSTEM

In this section, we explain the interactive system constructed
in our previous work [16]–[18]. All experiments reported in
this paper were conducted using this system.

A. Basic Concept of the Interactive System

To understand the shape of a 3-D object, humans move
around the object to observe it from various directions in
3-D space. Similarly, to understand the surrounding envi-
ronment, we look around and move in the environment. By
analogy, we consider that, if we can move in 4-D space and
observe 4-D objects from various positions, directions, and
distances, we should be able to acquire an intuitive under-
standing of 4-D space and objects. Based on this idea, in
the interactive system, we display various 3-D perspective
drawings of 4-D objects from an arbitrary 4-D eye-point and
viewing direction. The 4-D eye-point can be interactively con-
trolled to move along a 4-D spherical surface that surrounds
the 4-D object. For this interaction, we focused on using the
principal vanishing points as an interface for 4-D eye-point
control.

Before considering the 4-D case, we begin with a study of
the 3-D case. As stated by Foley et al. [38], in 3-D space,
a perspective projection is a method of mapping 3-D points
to a projection plane. The projection points are obtained as
the intersections of straight projection rays with the projec-
tion plane. The straight projection rays, called projectors, are
formed by connecting the center of projection, called the eye-
point, and each of the 3-D points. The projection plane, called
a 2-D screen, floats in front of the eye-point and is perpen-
dicular to the viewing direction. The perspective projection
shows distant objects as being smaller than near objects. This
is similar to the human eye and camera lenses; therefore, the
perspective projection produces a realistic representation of
a 3-D object on the 2-D screen. To be more precise, when
any parallel lines in 3-D space are not parallel to the 2-D
screen, their perspective projections will converge toward a
single “vanishing point” on the 2-D screen. In 3-D projec-
tive space, the parallel lines intersect at infinity. Hence, the
vanishing point is the projection of the point at infinity asso-
ciated with the parallel lines. If the parallel lines are parallel to
one of the three principal coordinate axes, the vanishing point
is specifically referred to as a “principal vanishing point.” In
the 3-D case, one, two, or three principal vanishing points
will appear on the 2-D screen, corresponding to the number
of principal coordinate axes that are not parallel to the 2-D
screen.

Each principal vanishing point is determined by the geo-
metric relationship among the eye-point, viewing direction,
and principal coordinate system. Conversely, it is possi-
ble to estimate the eye-point and viewing direction in 3-D
space from each position of the principal vanishing points
on the 2-D screen [39]. This implies that it is possible to
control the eye-point in 3-D space by manipulating the posi-
tion of the principal vanishing points on the 2-D screen, as
shown in Fig. 1.

(a) (b)

Fig. 1. Observation of a cube in 3-D space, operating on the principal
vanishing points. (a) 2-D perspective drawing of the cube and the principal
vanishing point. (b) Principal vanishing point after eye-point movement in
3-D space.

Fig. 2. Visualization model of 4-D space and objects.

B. 4-D Eye-Point Control by Operating on Principal
Vanishing Points

We now explain interactive 4-D eye-point control by oper-
ating on the principal vanishing points. We extend the setup
explained above from 3-D space to 4-D space. That is, we
consider controlling the 4-D eye-point to move along a 4-D
spherical surface, centered on the origin of the 4-D world-
coordinate system, by handling the principal vanishing points
displayed in 3-D space.

Fig. 2 shows the 4-D visualization model. A 3-D perspec-
tive drawing of a 4-D object is obtained by converting data
defined in the 4-D world-coordinate system xwywzwww to data
in the 3-D screen-coordinate system xsyszsws [30], [31]. The
4-D viewing direction is defined as the direction from the
4-D eye-point pf (xpf , ypf , zpf , wpf ) to the 4-D observed point
pa(xpa , ypa , zpa , wpa) in the 4-D world-coordinate system. The
center of the 3-D screen and that of the background hyper-
plane are located at distances h and f (> h), respectively, from
the 4-D eye-point on the 4-D visual axis. The dimension of the
3-D screen is 2k×2k×2k in the 3-D screen-coordinate system.
In contrast to visualization models in conventional studies,
only 4-D objects that are inside the 4-D viewing field (defined
as a truncated pyramid formed by the 4-D eye-point, 3-D
screen, and background hyperplane) are visualized on the 3-D
screen. The visualization algorithm includes a view field trans-
formation, perspective transformation, and clipping operation
in 4-D space using 5-D homogeneous processing. This frame-
work can visualize any 4-D data, including points at infinity,
onto 3-D space from an arbitrary 4-D eye-point and viewing
direction.
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Fig. 3. Principal vanishing points and 3-D perspective drawing of a
hypercube. The inside region surrounded by the white dashed wire-frame
cube corresponds to the 3-D screen. [The parameters (k, h, f ) for the 4-D
viewing field are (0.5, 0.5, 100).]

The principal vanishing points vpx, vpy, vpz, and vpw are
represented by projecting points at infinity in the xw-, yw-, zw-,
and ww-directions, respectively, onto 3-D space. As shown in
Fig. 3, the number of principal vanishing points and their 3-D
positions are determined by the spatial relationships among
the 4-D eye-point, 4-D viewing direction, and 4-D world-
coordinate system. Accordingly, it is assumed that there is
a converse relation such that the 4-D eye-point can be derived
from the positions of the principal vanishing points. Based
on this assumption, we constructed an interaction algorithm
that makes position changes of the principal vanishing points
in 3-D space correspond to 4-D eye-point movement in 4-D
space [16]. This interaction algorithm is composed of two
processing steps. As the user picks and moves one principal
vanishing point in 3-D space, the first processing step esti-
mates the other principal vanishing points from the principal
vanishing point being operated on. The second processing step
estimates the parameters of the 4-D viewing direction from
the principal vanishing points to determine the 4-D eye-point.
With this interaction algorithm, the user can intuitively control
the 4-D eye-point by manipulating the position of the principal
vanishing points in 3-D space while using them as landmarks
to recognize his/her viewing position in 4-D space (for more
details of the algorithms, see Appendix A).

Let us add a complementary explanation of the implemen-
tation of these algorithms. In the 4-D visualization algorithm,
the 4-D view field transformation enables movement of the
4-D eye-point and changes in the 4-D viewing direction from
the 4-D eye-point to the 4-D observed point [30], [31]. Thus,
when we integrate the interaction algorithm into the visu-
alization algorithm, we initially introduce the 4-D eye-point
determined from the second processing step of the interaction
algorithm and the 4-D observed point into the 4-D view field
transformation. We then recalculate the movement of the 4-D
eye-point and the change in the 4-D viewing direction from
the 4-D eye-point to the 4-D observed point. However, part

(a) (b)

Fig. 4. Example of actual use of the interactive system. (a) Configuration
of the system. (b) Example of the stereoscopic image seen through the head-
mounted display.

of this algorithmic procedure is modified when we implement
the algorithms in the interactive system. In this case, we do
not apply the 4-D eye-point and the 4-D observed point, but
rather the 4-D eye-point and the parameters of the 4-D view-
ing direction derived from the second processing step of the
interaction algorithm to the 4-D view field transformation.
Although this modified 4-D view field transformation may
differ from the 4-D view field transformation of the original
algorithm depending on the movement history of the 4-D eye-
point, in our implementation, this modification has a positive
effect on the style of the 4-D observation. If we implement the
visualization algorithm without any modification, the attitude
of the 4-D eye-point is restricted, as the 4-D upper direction
of the 4-D eye-point is always in the upward vertical direction
in 4-D space. This restriction causes the attitude of the 4-D
eye-point to change at some positions on the 4-D spherical
surface, regardless of the user’s will. (For a specific example,
see Appendix B.) In this state, the continuity of 4-D obser-
vation is not ensured, and the observation becomes unnatural.
To avoid this irregularity in 4-D observation, the movement
history of the 4-D eye-point can be considered in deriving
the parameters of the 4-D viewing direction from the prin-
cipal vanishing points, and the attitude of the 4-D eye-point
is maintained before and after its movement. As a result, our
implementation enables the user to observe 4-D space and
objects while he/she continuously moves the eye-point along
the 4-D spherical surface in a natural style.

C. Configuration of the Interactive System

Fig. 4 shows a configuration of the interactive system. The
system consists of commercially available products: a per-
sonal computer, a head-mounted display with a built in 6-DoF
sensor, a motion sensor, and a five-button wireless mouse.
The 3-D virtual space seen through the head-mounted display
coincides with the xsyszs-space in the 3-D screen-coordinate
system xsyszsws. The movable region for two of the principal
vanishing points, vpx and vpy, is restricted to the xsys-plane
and the ys-axis, respectively, whereas the other principal van-
ishing points, vpz and vpw, can move freely in 3-D space.
These restrictions mean that the 4-D upper direction of the
4-D eye-point is maintained in an upward or downward ver-
tical direction in the 4-D world-coordinate system during the
interaction. The 3-D virtual space has the same scale as real
space, and the viewing position and viewing direction in 3-D
virtual space are associated with the user’s head position and
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orientation, respectively; likewise, the user can observe a 3-D
perspective drawing from any direction. The 3-D perspec-
tive drawing, principal vanishing points, and 3-D screen are
displayed in 3-D virtual space as a stereoscopic image. The
3-D screen has a size of 300 mm × 300 mm × 300 mm,
and is placed 1.5 m off the ground according to the user’s
request. Under these conditions, the user observes various 3-D
perspective drawings of the 4-D object while handling the
principal vanishing points in 3-D space with simple pick-and-
move operations using a 3-D cursor associated with their hand
motion.

IV. EXPERIMENT 1: PERSPECTIVE TAKING

To examine whether humans can form 4-D spatial represen-
tations, we conducted two different experiments that assess the
ability to perform spatial tasks in 4-D space. In this section,
we describe the first experiment, which assesses perspective
taking skills and navigational skills in 4-D space.

A. Methods

We first introduce the participants, apparatus, and stimuli of
the experiment.

1) Participants: Eight male participants and four female
participants were tested. Their mean age was 20.5 years. Seven
participants were students or graduates in science and engi-
neering courses, and the others were students in arts courses.
None of the participants had knowledge or experience of 4-D
space and objects, and had no prior knowledge of the design
of the experimental tasks.

2) Apparatus: We used a personal computer (Intel Core
i7 3.90 GHz, NVIDIA GeForce GTX 680, 32-GB RAM)
installed with Windows 8.1 (Microsoft), a head-mounted dis-
play (Oculus Rift DK2), a motion sensor (Microsoft Kinect
v2), and a wireless mouse (ELECOM M-GE3DL). The soft-
ware was implemented in C#, OpenTK, and the SDKs of
the system components under Visual Studio (Microsoft).
The system guarantees real-time performance (75 frames/s)
during the experimental tasks. The participants used the
head-mounted display and the five-button wireless mouse to
accomplish experimental tasks performed in the interactive
system. Although the head-mounted display and motion sen-
sor have a small latency, this did not affect the participants’
performance.

3) Stimuli: We used a hypercube as the observation object.
A hypercube is the 4-D analog of a cube, and consists of
eight cubical cells. In total, a hypercube has 16 vertices, 32
edges, 24 surfaces, and 8 cells. Four of the eight cells are
connected at each vertex, three of those are connected at each
edge, and two of those are connected at each surface. Opposite
cells are parallel to each other, and consecutive cells form a
right angle with each other in 4-D space. In the experiment,
the coordinates of the vertices of the hypercube are given as
permutations of (±0.5,±0.5,±0.5,±0.5). We assigned a dif-
ferent color (red, pink, green, cyan, purple, white, orange, or
yellow) to each cell of the hypercube and placed it at the origin
of the 4-D world-coordinate system such that each of the eight
cells was located in a different positive or negative position on

(a)

(b)

Fig. 5. Examples of the preliminary test. (a) MRT. The second and third
options from the left are correct. (b) CCT. “Red” is the correct answer.

each axis of the 4-D world-coordinate system, at a distance of
0.5 from the origin. To clearly visualize the edges inside the
3-D perspective drawings of the hypercube, the 3-D perspec-
tive drawings were rendered with a semitransparent surface
and a reticular stipple pattern. During the experiment, the par-
ticipants interacted with this hypercube using the interactive
system.

B. Procedure

Each participant took a preliminary test and filled out a self-
profiling form at the beginning of the evaluation experiment.
This took approximately 30 min. Participants then received a
brief lecture on some basic aspects of 4-D space and objects,
the 4-D visualization model, and how to use the interactive
system based on an analogy with 3-D space. This explanation
took approximately 15 min.

After the preliminary test and lecture, the participants under-
went a 4-D learning period. We first gave the participants
approximately 10 min to practice using our system and make
personal adjustments. The participants then studied 4-D space
and the hypercube to acquire 4-D spatial representations. The
length of the learning period varied from 120 to 180 min for
each participant. Including breaks, the learning period took
approximately 140–210 min in total.

Finally, the participants proceeded to the task period, which
took approximately 60 min. The participants were asked to
handle the navigational tasks in 4-D space based on their 4-D
spatial representations. To check the strategies used by partic-
ipants for the experimental tasks, we interviewed them after
they had finished the test.

Because the total duration of the experiment was too long to
run in a single day, we limited the participants’ daily operating
time to 120 min in consideration of their tiredness. If partici-
pants were in the middle of the experimental work when this
time limit was reached, they suspended the task and resumed
it the next day.

1) Preliminary Tests: As individual differences in 3-D spa-
tial perception could affect the development of 4-D spatial
representations, we ran a preliminary test to determine the
participants’ intrinsic spatial ability. Fig. 5 shows examples

emilydonovan
Highlight

emilydonovan
Sticky Note
i do not understand why you would do this over physically moving around on the surface of the 4sphere -look up earlier paper


emilydonovan
Highlight

emilydonovan
Highlight

emilydonovan
Highlight

emilydonovan
Highlight

emilydonovan
Highlight

emilydonovan
Highlight

emilydonovan
Highlight



256 IEEE TRANSACTIONS ON COGNITIVE AND DEVELOPMENTAL SYSTEMS, VOL. 10, NO. 2, JUNE 2018

TABLE I
RESULTS OF THE PRELIMINARY TESTS

of the preliminary test. We used 20 trials of the redrawn ver-
sion of the mental rotation test (MRT) [40] and ten trials of
the color cube test (CCT), which we developed ourselves. For
both tests, we recorded the number of correct responses and
the total response times. The overall score was calculated by
dividing the number of correct answers by the total response
time; thus, the higher the score, the better the spatial ability.
In addition to these two spatial ability tests, we used self-
reporting to determine the participants’ spatial confidence. We
used the Santa Barbara sense-of-direction scale (SBSOD) [41],
which consists of 15 questions, and the visual imagery style
questionnaire (VISQ) [42], which consists of 12 questions.
For both tests, the participants were asked to respond to each
question on a scale of 1–5. The overall score was calculated as
the average over all responses, where a higher score indicates
better spatial confidence.

Table I presents the results of the preliminary test. The
participants exhibited a range of 3-D spatial ability and spa-
tial confidence. We discuss whether these individual variations
affected the results of the 4-D spatial ability tests in Section VI.

2) Learning Tasks: In the learning task, participants were
asked to observe and understand 4-D space and the hypercube.
Using the interactive system, each participant observed the
hypercube from various positions in 4-D space while moving
freely around the hypercube. The participants were allowed to
work on the learning task until they were satisfied with their
understanding, up to a time limit of 180 min. The participants
were allowed a 5-min break every 30 min. An illustration
of the learning task can be found in the video clips in the
supplementary material.

3) Perspective Taking and Navigational Tasks: In the test,
participants were asked to guide themselves to a 4-D check-
point position. The test consisted of two stages. Each stage
had one practice trial followed by ten experimental trials. In
the first stage, participants started from a 4-D position on the
ww-axis and moved toward one checkpoint. Thus, the partic-
ipants visited ten checkpoints in total. The checkpoints were
randomly selected from the 4-D positions from which three or
four cells of the hypercube could be seen at once. In the second
stage, participants again started from a 4-D position on the ww-
axis, and this time traveled through four checkpoints in order.
Thus, the participants visited 40 checkpoints in total. The
checkpoints were randomly selected from the 4-D positions

from which one, two, three, or four cells of the hypercube
could be seen at once. For each trial, the target checkpoint
was described orally as a set of cell colors that participants
would see at the checkpoint, for example, “go to a position
in 4-D space from which you can see red, green, purple, and
orange cells simultaneously.” To solve this task, participants
needed to imagine a point from which they could obtain the
desired perspective of the hypercube and identify a reasonable
route to the checkpoint in 4-D space, based on their mental
representations of 4-D space and the hypercube. If the partic-
ipants guided themselves to the checkpoints smoothly without
losing spatial orientation in 4-D space, they were considered
to have successfully acquired 4-D spatial representations.

C. Results

This experiment was designed around an individual subject
analysis based on behavioral observations. The experimental
score is the number of target checkpoints that the participants
moved to from the starting point or the previous checkpoint
without losing track of their position and the direction of the
target checkpoint in 4-D space. Considering the tendencies
exhibited by the participants in our preliminary research [15],
we defined criteria to determine whether the participants had
become lost in 4-D space. That is, the participants should not
arrive at the checkpoint by a random walk approach, they
should not travel back and forth to the same position many
times, and they should not move in the wrong direction once
they were fairly close to the target checkpoint. For each trial,
we carefully observed the participants’ operations on the prin-
cipal vanishing points in 3-D space and the moving path of the
4-D eye-point in 4-D space, and judged whether the navigation
was a success or failure.

Table II presents a summary of the learning time, score, and
participants’ strategy toward the experimental tasks. Overall,
eight participants (A, B, C, D, G, J, K, and L) navigated
smoothly in both stages, which suggests that they were able
to perform perspective taking and acquire navigational skills
in 4-D space. Three participants (E, H, and I) exhibited worse
performance in the first stage or both stages. Participant F
dropped out of the experiment after the learning task, because
she was not able to form a mental image of 4-D space and
the hypercube.
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TABLE II
RESULTS OF EXPERIMENT 1

(a)

(b)

Fig. 6. Difference in principal vanishing point operations. (a) Direct flight strategy (participant D). (b) Relay-points strategy (participant A).

From our observations of the participants’ actions in 3-D
and 4-D space, we identified three strategies used in the exper-
iment: the direct flight strategy, the relay-points strategy, and
the trial-and-error strategy. Successful participants used the
direct flight strategy and the relay-points strategy. The former
involves moving directly along the shortest path to the check-
point, whereas the latter involves creating paths by moving
from view to view in a way that will surely lead to the target
checkpoint. The participants who used these strategies were
able to recover their spatial orientation even if they moved in
the wrong direction or made a detour in 4-D space.

A significant difference between the direct flight strategy
and the relay-points strategy is the number of operations on
the principal vanishing points. Participants who guided them-
selves in 4-D space with the direct flight strategy performed
fewer operations. In most cases, participants needed only one
or two steps to accomplish the task. Another distinctive differ-
ence is the shape of the 4-D eye-point movement path. When
we visualized the trajectory of the 4-D eye-point movement
onto the 3-D screen with our interactive system, the trajec-
tory of the direct flight strategy was shorter and had fewer
bends than the other strategies. Considering these character-
istics, we classified each successful trial manually based on
behavioral observations of the participants’ operations in 3-D
space and visual observations of the trajectory of the 4-D
eye-point movement.

We show a typical sample of the operations in Fig. 6; other
results display similar trends. We use trial #26 of the second
stage as an example. In this trial, participants moved from the
starting point near (0.75,−0.75, 0.75, 0.75) to the checkpoint
near (−0.75, 0.75,−0.75,−0.75). In other words, participants
moved from the starting point to the other side of the 4-D
spherical surface. Fig. 6 depicts screen shots of a series of
principal vanishing point operations. Participant D used the
direct flight strategy and accomplished the task in two steps,
which was the minimum number of operations required. He
simply moved the principal vanishing points vpy and vpx par-
allel to the ys-axis. In contrast, participant A required four
steps to reach the checkpoint. He moved the principal van-
ishing points vpz and vpw parallel to the zs-, xs-, and ys-axis
step-by-step using the relay-points strategy. In this strategy,
participants create paths by the following easy-to-understand
views in a way that is sure to reach the target checkpoint.

Fig. 7 shows the trajectories of the 4-D eye-point move-
ments corresponding to the trial shown in Fig. 6. Using
our interactive system, we draw the trajectory in 4-D space
and visualize it on the 3-D screen from the 4-D eye-point
(0, 0, 0, 2.1) to the 4-D observed point (0, 0, 0, 0). The param-
eters (k, h, f ) of the 4-D viewing field are (0.5, 0.5, 100). Note
that we show the left view of the stereoscopic image displayed
on the head-mounted display. Participant D’s trajectory gener-
ally forms a unique smooth curve that represents the shortest
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path from the starting point to the checkpoint. Participant D
passed through the zenith of the 4-D spherical surface as if
it were an aerial passage following the polar route. In con-
trast, participant A’s trajectory includes three bends. Each bend
corresponds to the point at which the participant changed an
operation on a vanishing point or changed the direction of
movement of the principal vanishing points. Thus, participant
A traveled through some relay points where he could con-
firm one or two cells included in the target perspective of the
hypercube to ensure that he could reach the checkpoint.

According to the post-experiment interviews, all of the suc-
cessful participants attempted to predict the direction of the
target checkpoint. They also reported trying to plan a secure
route from the starting point to the checkpoint by predict-
ing the visual changes in the 3-D perspective drawing of the
hypercube. For example, participants A and D reported that
they used the direct flight strategy when they were required
to move to the other side of the 4-D spherical surface and
used the relay-points strategy when they needed to succes-
sively operate multiple principal vanishing points to reach a
checkpoint. The successful participants had confidence in their
strategy and understanding. Therefore, we are probably justi-
fied in thinking that the participants developed some sort of
mental representations of 4-D space and the hypercube, and
performed perspective taking and navigation in 4-D space.

In contrast, the unsuccessful participants relied heavily on
the trial-and-error strategy. Fig. 7(c) visualizes participant E’s
trajectory. The zig-zag lines indicate that the participant got
lost in 4-D space and moved the principal vanishing points
at random in 3-D space. In particular, participants E and I
exhibited little skill in operating principal vanishing points vpz

and vpw in the zs-direction, and they could not understand the
4-D eye-point movement in the 4-D direction corresponding to
that operation. When participants observe a 3-D object from
various directions in 3-D space, they need only move their
eye-point vertically and horizontally around the object. Thus,
the participants might naturally understand the correspondence
between the 4-D eye-point movement and the principal van-
ishing point operations in the xs- and ys-directions. However,
when the participants attempt to move in 4-D space, this
understanding is insufficient. These participants probably saw
the 3-D perspective drawing as a 3-D object that changed
its appearance according to special transformation rules. As
a result, they failed to understand the relationship between
the principal vanishing point operations in 3-D space and the
eye-point movement in 4-D space. We conclude that these par-
ticipants failed to acquire 4-D spatial representations and that
their understanding was insufficient for perspective taking and
navigation in 4-D space.

V. EXPERIMENT 2: MENTAL SPATIAL TRANSFORMATION

We received a positive insight into the possibility of par-
ticipants using 4-D spatial representations from the results
of Experiment 1. However, because Experiment 1 included
some overlap between the learning tasks and the experimen-
tal tasks, it remained unclear whether the participants had
acquired actual 4-D spatial representations or simply gained

(a) (b) (c)

Fig. 7. Difference in the trajectory of the 4-D eye-point movement.
(a) Direct flight strategy (participant D). (b) Relay-points strategy
(participant A). (c) Trial-and-error strategy (participant E).

Fig. 8. Example of the stimuli.

route knowledge of operations on the principal vanishing
points. Thus, it was necessary to examine whether the par-
ticipants’ representations were universal and flexible enough
for a novel 4-D spatial task. In this section, we describe a
second experiment that tested the participants’ ability to per-
form mental spatial transformations and manipulations of a
4-D object.

A. Method

We first introduce the participants, apparatus, and stimuli of
the experiment.

1) Participants: The 12 participants involved in Experiment
1 were invited to join Experiment 2.

2) Apparatus: We ran the experiment under almost the
same conditions as Experiment 1, with the exception that, in
this experiment, participants could not use the wireless mouse.

3) Stimuli: The stimuli were four four-point 3-D perspec-
tive drawings of one novel hypercube. Each stimulus was
formed by randomly assigning a different color to each cell in
the hypercube. The hypercube was then projected from four
different 4-D viewing positions chosen from 16 candidates.
As a result, these 3-D perspective drawings had the same
exterior shape and different colorings. The four 3-D perspec-
tive drawings were arranged in a single line in 3-D virtual
space. Using the interactive system, the participants observed
the stimuli from various directions in 3-D virtual space to
mentally reconstruct the entire image of the hypercube.

Fig. 8 shows an example of the stimuli (see video clip in the
supplementary material). As in Experiment 1, to clearly visu-
alize the inside of the 3-D perspective drawings, we rendered
them with semitransparent surfaces with a reticular stipple pat-
tern. Each of the 3-D screens was sized at 200 mm × 200 mm
× 200 mm, and they were positioned 200 mm apart.

B. Procedure

After completing Experiment 1, the participants proceeded
to Experiment 2. Each participant received an explanation of
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TABLE III
RESULTS OF EXPERIMENT 2

Fig. 9. Response sheet for the reconstructed coloring pattern.

the experimental task before completing one practice trial fol-
lowed by ten experimental trials. To confirm the participants’
strategies toward the task, they were interviewed after finishing
all trials.

In each trial, the participants needed to mentally reconstruct
a hypercube from the multiple 3-D perspective drawings dis-
played in 3-D virtual space. They were then asked to complete
the response sheet shown in Fig. 9 to explain the coloring
of the hypercube. Thus, this test is the 4-D version of the
CCT shown in Fig. 5(b). Each participant allocated the eight
colors to the graph on the right according to the analogy
with the sample on the left, which represents the coloring
pattern used in Experiment 1. Additionally, the participants
rated their self-confidence in each response on a scale of 1–5,
where 5 represents the positive end of the spectrum. This task
requires the ability to transform and manipulate the 4-D struc-
ture of the hypercube from the given 3-D perspective drawings.
Therefore, strong performance in this experimental task is an
indicator of success in learning 4-D spatial representations.

This experiment was designed around an individual-subject
analysis. The experimental score is the number of correct
color-pairs, number of correct answers, and mean confidence
rating for the ten trials. The number of correct color-pairs
corresponds to the number of trials (out of ten) for which
the participants correctly identified the four pairs of colors

allocated to two cells facing each other in the hypercube. Note
that we counted the answers as being correct even if they were
rotated in 4-D space.

C. Results

The participants’ performance and confidence ratings are
presented in Table III. We summarize the score, mean response
time, and participants’ strategy. Overall, seven participants
(A, C, D, G, J, K, and L) were able to mentally reconstruct
the hypercube from its 3-D perspective drawings with a high
degree of confidence. Three participants (B, H, and I) exhibited
lower performance and confidence levels. Two participants (E
and F) dropped out of the test because they could not imagine
the structure of the hypercube at all.

As there are 210 possible coloring patterns, the probability
of a participant successfully completing the task at random is
1/210. The number of correct answers for participants other
than E and F was higher than the random chance level. If the
participants were able to find correct color-pairs in some way,
they were finally required to decide whether the reconstructed
hypercube was the normal object or a mirror object of the
correct hypercube. In this case, the chance of correctly guess-
ing at random is ultimately 1/2. Six participants in the high
performance group (A, C, D, G, J, and L) performed signif-
icantly better than the random chance level, suggesting that
they were able to utilize their 4-D mental representations to
solve the task. Although participant K’s score only surpassed
the level of random chance by a small margin, his performance
was distinctive. He was wrong on the first three trials, and then
gave the correct answer for seven consecutive trials. According
to his comments, after the first three trials, he noticed that his
answers were mirror objects due to a misunderstanding of the
coloring pattern of the sample hypercube represented on the
left side of the response sheet; he then corrected his mental
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representation. Thus, we consider that participant K should be
included among the successful participants.

According to the post-experiment interviews, the success-
ful participants seemed to solve the hypercube reconstruction
test with a two-step approach. First, they found four sets of
two cells that face each other in 4-D space. One solution is
the elimination method; another is to focus on the principal
vanishing points. If the participants understood that two such
cells were on the same principal coordinate axis in 4-D space,
they were able to determine the four sets by looking for the
two cells corresponding to the same principal vanishing point.

The second critical step involves constructing the hypercube
by appropriately arranging the four sets of two cells in 4-D
space. One solution is to mentally simulate the 4-D eye-point
movement to determine the 4-D spatial relationship among the
four sets of two cells. For example, participant C reported that
he simulated visual changes in the 3-D perspective drawing of
the hypercube, starting from a one-point perspective drawing
of each four-point 3-D perspective drawing, by mentally oper-
ating the principal vanishing points. Participants A, D, G, and
L reported trying similar solutions. This approach is grounded
in 4-D spatial thinking. In addition, the participants’ high con-
fidence ratings reflect a successful understanding of 4-D space
and objects. Therefore, the results suggest that these partici-
pants were able to form mental representations of 4-D spatial
structures through 4-D interactions, and that they applied their
representations to the novel 4-D task.

Participants J and K used an alternative solution, although
they mentioned an awareness of the strategy of mental 4-D
eye-point movement. They focused on one 3-D perspective
drawing in the stimulus, and used four lines joining each
principal vanishing point and the center of the 3-D screen
in 3-D space. They assigned each of the four cells appear-
ing in the 3-D perspective drawing to one end of each axis
on the response sheet, while remembering the visual change
from a one-point 3-D perspective drawing to a four-point 3-D
perspective drawing such that these four lines corresponded
to the four principal coordinate axes of the response sheet.
Then, they simply allocated the remaining four colored cells
to the other ends of the 4-D principal coordinate axes. This
strategy is more systematic than the first solution. Participants
J and K discovered this solution from a deep understanding of
the hypercube’s structure and principal vanishing points. They
mentioned noticing the approach based on 4-D eye-point con-
trol simulation, but chose this solution to reduce the mental
workload. In particular, participant K reported that he instantly
imagined the entire image of the hypercube while looking
at the 3-D perspective drawings and without thinking deeply.
Although the exact nature of the structure of their mental rep-
resentations is not clear, we are probably justified in thinking
that participants J and K were able to acquire 4-D spatial
representations.

In contrast to these successful participants, participants B,
H, and I could not reconstruct the hypercube. We consider
some possible scenarios for this failure. First, these partici-
pants failed to expand their spatial representations from three
to four dimensions. The results of participants B and H fit
this scenario, as they reported being able to find the four sets

of two cells that faced each other in 4-D space, but could
not assemble them correctly because they failed to determine
whether the reconstructed coloring pattern was correct or if it
was a coloring pattern corresponding to the 4-D mirror image
of a stimulus hypercube. It appears that they tried to com-
pare the four 3-D perspective drawings in 3-D space. Second,
the participants completely failed to acquire 4-D spatial rep-
resentations. This scenario is consistent with participant I’s
result. She reported trying to imagine the 4-D structure of the
hypercube, but was unable to. Based on these comments, we
conclude that these three participants were unable to apply
their experience to the mental simulation and manipulation of
4-D space and objects.

VI. GENERAL DISCUSSION

In this paper, we have investigated whether humans are
capable of acquiring 4-D spatial representations. Twelve par-
ticipants interactively observed and learned about 4-D space
and a hypercube with the use of an interactive system that
utilizes the principal vanishing points as the interface for 4-D
eye-point control. Their performance on two different 4-D spa-
tial ability tests was then examined. Seven participants (A, C,
D, G, J, K, and L) demonstrated the ability to imagine them-
selves at a different perspective in 4-D space with respect to
the observation object, to update their understanding of an
object while moving in 4-D space, and, having observed the
object, to understand the relationship between multiple views
of the object. Although the exact nature of the 4-D spatial
representations is still not known, the present results suggest,
at the very least, that mental representations of 4-D space and
objects can be formed from experience and interactions in a
4-D environment.

A. 4-D Spatial Representations Versus Reinforcement
Learning

The primary concern about our experimental results is
whether the participants’ performance can be explained by
the use of true 4-D spatial representations or, instead, by
other low-level solutions. Although the participants’ solutions
varied, we can rule out some low-level solutions.

First, the tasks in the experiments cannot be solved with
mathematical solutions. The participants were theoretically
able to estimate their 4-D position from the principal van-
ishing points, as we showed in our interactive system in
Experiment 1. They were also able to estimate spatial rela-
tions of multiple 3-D perspective drawings by calculating the
4-D coordinates of the hypercube vertices based on triangu-
lation, as in Experiment 2. None of the participants reported
using this strategy in both experiments. Furthermore, none of
the participants had prior knowledge of the geometry of 4-D
solids. Even if they did, the relevant calculations would be too
difficult to perform in real time during the experiment.

Second, the successful participants did not rely on a
trial-and-error approach or chance. The evidence is that, in
Experiment 1, the participants’ operations on the principal van-
ishing points and their trajectories in 4-D space show no signs
of relying on these approaches. Furthermore, the participants’
scores in Experiment 2 cannot be explained by chance.
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TABLE IV
CORRELATION FACTORS BETWEEN THE EXPERIMENTAL

RESULTS AND THE PRELIMINARY TESTS

Third, the performance of the successful participants can-
not be explained by the use of low-level solutions akin to
reinforcement learning, which does not cover 4-D spatial
representations. There is a possibility that the participants
remembered the whole sequence of 3-D perspective drawings
of the observation object and traced one perspective to the
next, which was remembered as being closer to the target
checkpoint. Because the participants interacted with the same
hypercube in both learning task and Experiment 1, this expla-
nation could fit the results of Experiment 1 but not those of
Experiment 2. As described in Section V, the participants saw
only four 3-D perspective drawings of a hypercube, which had
a new coloring pattern, in this test. Thus, it would not be pos-
sible to rely on the memory of a sequence of 3-D perspective
drawings. Rather, the participants were required to interpolate
intermediate views of the given 3-D perspective drawings of
the hypercube from different perspectives in 4-D space while
taking the spatial structure of the hypercube into account. In
other words, the experiments did not require the participants to
remember all perspectives of the hypercube, but to learn gen-
eral rules and operations to help them make 4-D judgments on
unfamiliar problems. Therefore, combining the results of both
experiments, a reasonable interpretation of the present results
is that the successful participants developed 4-D spatial repre-
sentations that help in perspective taking, navigational skills,
and mental spatial transformations in 4-D space and which go
beyond simple reinforcement learning.

B. Individual Variation Among the Participants

There is some apparent variation among the participants,
both in the amount of 4-D experience needed to learn 4-D
spatial representations and in their performance level on the
4-D spatial ability tests. We know it is difficult to determine the
actual cause for this individual variation because of the small
number of participants. However, it is important to study this
point for future 4-D spatial cognitive research.

One possible interpretation of the individual variation is that
the participants’ intrinsic spatial ability, spatial confidence, and
focus of attention on the tests varied and affected their 4-D spa-
tial learning. We can verify this interpretation by calculating
the correlation factors between the scores on the 4-D spatial
ability tests and the scores on the preliminary tests. Table IV
presents the correlation factors. Against our expectations, the
scores on the 4-D spatial ability tests and the 3-D spatial ability
tests are not significantly correlated. In contrast, the hypercube

recognition tests and the CCT exhibit a weak negative correla-
tion, even though they differ only in dimension. This suggests
that the participants’ intrinsic spatial ability has a negligible
impact on their development of 4-D spatial representations.
Furthermore, this generates the hypothesis that the process-
ing of 4-D visual information and 3-D visual information is
related to different mechanisms.

There are positive correlations between the scores on the
4-D spatial ability tests and 3-D spatial confidence. In partic-
ular, the correlation between the 4-D spatial ability tests and
VISQ is significant. This suggests that self-awareness of good
spatial skills encourages the development of 4-D spatial rep-
resentations. Some recent studies [43], [44] investigating the
effect of stereotypical threats on human spatial ability support
this suggestion.

There is also a general trend whereby participants from
science and engineering courses outperform those from arts
courses. Six out of seven participants from science and
engineering courses successfully completed the experiments,
whereas only one out of five participants from arts courses was
able to acquire 4-D spatial representations. Moreover, this arts
student had studied science at a high level until fairly recently.
As researchers have pointed out, there is some relationship
between spatial ability and mathematical aptitude [45], [46].
Thus, it is not unexpected that the participants’ intrinsic math-
ematical knowledge might have positively affected their 4-D
learning.

C. Possible Forms of 4-D Spatial Representations

In Section II, we reviewed several previous studies that
examine the possibility of acquiring 4-D spatial representa-
tions. Because these only demonstrate that humans can acquire
4-D spatial representations, it is important to discuss possible
forms of 4-D spatial representations. Certain explanations are
consistent with the participants’ strategies in the experimental
tasks.

One plausible explanation is that the participants formed a
cognitive coordinate system consisting of an origin and four
directional axes. This type of representation has been demon-
strated in many studies on 3-D spatial cognition. Consequently,
it is natural that humans might represent 4-D space and
objects within a 4-D coordinate system. In particular, in these
experiments, because the participants used principal vanishing
points, which represent the points at infinity on the 4-D world-
coordinate axes, and because they observed a hypercube that
was positioned so that each cell was perpendicular to one cor-
responding 4-D principal coordinate axis and parallel to the
other three 4-D principal coordinate axes, there is a high prob-
ability that the participants developed and used this type of
4-D spatial representation. In Experiment 1, if the participants
formed a 4-D cognitive coordinate system, they would be able
to make a rough estimate of the positional relationship between
themselves and a target checkpoint in 4-D space, and to guide
themselves to the checkpoint position. This type of spatial
representation is consistent with both direct flight strategy and
relay-points strategy. In Experiment 2, with this coordinate
system, they would be able to reconstruct a hypercube by
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considering its orientation within the 4-D world-coordinate
system, which is invariant with respect to the 4-D viewing
direction. In particular, the strategy used by participants J and
K supports the validity of this explanation.

Although the 4-D cognitive coordinate system seems appro-
priate as the hypothetical form of the 4-D spatial representa-
tions, it remains to be determined whether the four axes are
perpendicular to each other in the participants’ mental space.
As recent spatial cognitive research has shown that the pri-
mary form of human spatial knowledge is a graph structure,
rather than an absolute map-like coordinate system [8], it is
highly likely that the cognitive 4-D coordinate system of 4-D
spatial representations does not have strict orthogonal axes.
Therefore, the participants are assumed to have performed the
experimental tasks based on static mental representations of
4-D space and objects. The question of the orthogonality of
the 4-D cognitive coordinate system will be examined in future
work.

Another possible explanation is that the participants per-
ceived the hypercube as a 3-D object that changed its appear-
ance according to special transformation rules. It is possible
to solve the perspective taking test by memorizing the rules
of shape transformations or the sequence of color changes in
the 3-D perspective drawings for all patterns of operations on
the principal vanishing points. The unsuccessful participants
may have relied on this type of representation. For the suc-
cessful participants, however, this explanation can be ruled out
by their actions in Experiment 1. For example, when the par-
ticipants were at a 4-D position on the xw-axis, only principal
vanishing point vpx appeared at the center of the 3-D screen.
In this case, the participants could not operate principal van-
ishing point vpx in the zs-direction in 3-D space because of
the restriction of the interactive system. In other words, in
this situation, the possible movement directions were limited
in 4-D space. A similar situation occurred when the partici-
pants were at a 4-D position on the yw-axis, but despite this
restriction, some successful participants tried to operate the
principal vanishing point in the prohibited direction in 3-D
space. If the interactive system were improved to allow the par-
ticipants to perform such an operation, they could have directly
approached the target checkpoint in 4-D space. Because they
could not experience such 4-D eye-point movement, conceiv-
ing this action required the participants to imagine the 4-D
spatial relationship between their own position and the target
position. Consequently, the fact that the participants attempted
this kind of action indicates the successful acquisition of actual
4-D spatial representations.

D. Perspective Taking Versus Object Rotations

Although our interaction technique includes the geometric
computation of 4-D eye-point movements, it is difficult to dis-
tinguish the 3-D perspective drawings from those obtained by
object rotation. This may allow the participants to interpret the
4-D experience in two ways: 1) to imagine eye-point move-
ments in relation to the hypercube or 2) to imagine rotations
of the hypercube about a plane or planes passing through the
center of the hypercube. Indeed, according to the comments

of the seven successful participants, three (C, K, and L) used
the former interpretation and four (A, D, G, and J) used the
latter. We consider this difference to underlie the embodiment
of spatial cognition. Research has shown that perspective tak-
ing is related to transformations of the internal representations
of the body [47]–[49], whereas object rotations are related to
the image of hand motions [50], [51]. In the present exper-
iments, changes in the visual appearance of the hypercube
are linked to the participants’ hand motion for pick-and-move
operations of the principal vanishing points. Although the par-
ticipants walked around the 3-D virtual space to see the 3-D
perspective drawing displayed on the 3-D screen, they stopped
at a position from which it was easy to operate the princi-
pal vanishing points when moving in 4-D space. Thus, the
participants who imagined object rotations may have felt that
they were rotating the hypercube by holding and steering a
shaft projecting from the side of the hypercube. In contrast,
the participants who imagined the 4-D eye-point movements
intentionally imagined such actions when they operated the
principal vanishing points.

We consider the embodiment to be related to the form of
the cognitive coordinate system. Although the present results
indicate that the participants acquired 4-D spatial represen-
tations in their mental space, the cognitive coordinate system
seems to be world-centered or object-centered, as the reference
point is located outside the body. A body-centered coordinate
system with a reference point inside the body is also neces-
sary to understand 4-D space and objects more intuitively. In
particular, when we explore intrinsic 4-D environments, such
as a 4-D maze, we need to convert these cognitive coordinate
systems into one another. An interaction technique that pro-
motes the acquisition of internal representations of the body
extended to 4-D space is an interesting topic for future studies
of 4-D spatial cognition.

E. Limitations and Future Work

We offer some notes regarding the limitations of this
paper. First, although the results support the possibility of
acquiring 4-D spatial representations, our contribution repre-
sents one part of the entire scope of 4-D spatial cognition.
Using hypercubes and principal vanishing points is too sim-
ple to investigate general 4-D spatial representations. The
small number of participants made it difficult to interpret
the actual cause of the differences among the experimental
results. If we were to examine general 4-D spatial repre-
sentations, we would need more participants to be trained
and tested using complex 4-D objects. We consider that the
orthogonality and parallelism learned through interaction with
a hypercube can form the basis for representations of 4-D
space in a cognitive coordinate system. As suggested by
the results of the experiments, for some participants, even
a hypercube is difficult to understand. General 4-D spatial
representations that support 4-D judgments of complex 4-D
objects require long-term training after adapting to a simple
object.

Second, the scope of this paper was limited to the ability
to imagine the visual appearance of an object from different
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perspectives. Spatial visualization ability in a large-scale 4-D
scene was not assessed. In future, a cognitive map of an intri-
cate 4-D environment should be studied, as has been done for
3-D spatial cognition [1], [8], [52]. To acquire knowledge of
the environment, people would need to convert their reference
spatial representations from the first-person view to the 4-D
bird’s-eye view. In other words, they would need to convert the
cognitive coordinate system from a dynamic one referring to
their 4-D position to a static one fixed in 4-D space. To inves-
tigate this point, we are currently improving our interactive
system to allow 4-D maze exploration in future work.

Third, although the 4-D cognitive coordinate system is one
possible 4-D spatial representation, other interaction meth-
ods may foster different forms of 4-D spatial representations.
For instance, a haptic interface would enhance the recog-
nition of the shape of 4-D objects [53], [54]. The present
results suggest that 4-D spatial representations can be acquired
through interactions with 4-D objects by principal vanishing
point operations, whereas the effects of interface design and
interaction style on 4-D spatial representations require future
research.

VII. CONCLUSION

In this paper, we examined the possibility of human 4-D
spatial representations through experiments that assess the
ability to perform perspective taking, navigation, and men-
tal spatial transformations of objects in 4-D space. The exact
nature of the participants’ mental representations is not known,
but the results suggest that humans are capable of acquiring
4-D spatial representations and using 4-D spatial skills. We
therefore succeeded in providing empirical evidence for 4-D
spatial representations.

One important aspect of this paper is that it provides a
new perspective for research on 4-D spatial representations.
Conventional studies on 4-D spatial cognition focus on sce-
narios in which humans observe a 4-D object in a static
condition. In addition, previous research has only considered
the ability to comprehend the geometric properties of 4-D
objects. In contrast, the present experiments employed free
interaction with a 4-D object and examined the ability to
manipulate 4-D imagery, which involves cognitive process-
ing, such as prediction, creation, and decision making for
spatial visual information. The results suggest that humans
are capable of acquiring 4-D spatial representations and that
this cognitive processing works properly in 4-D space. This
means that human spatial cognition does not have intrin-
sic dimensionality constraints, even though humans evolved
in a 3-D world. Instead, it is thought that human cognitive
processing is flexible and can adapt to higher-dimensional
space with practice and experience of 4-D space and
objects.

APPENDIX A

ALGORITHMS FOR 4-D EYE-POINT CONTROL VIA

PRINCIPAL VANISHING POINT OPERATIONS

As described in Section III, a 3-D perspective drawing of
a 4-D object was obtained by converting data defined in the

4-D world-coordinate system xwywzwww to data in the 3-D
screen-coordinate system xsyszsws [30], [31]. The homoge-
neous coordinates Vw including the points at infinity in 4-D
space are transformed to the homogeneous coordinates Vs as
follows:

Vs = [Xs Ys Zs Ws vs]

= [Xw Yw Zw Ww vw]Tv
(
pf , pa

)
Tp(k, h, f ) (1)

where the transformation matrices Tv and Tp are the
4-D view field transformation matrix and the 4-D per-
spective transformation matrix, respectively. The 4-D view
field transformation matrix Tv is derived from the 4-D
eye-point pf (xpf , ypf , zpf , wpf ) and the 4-D observed point
pa(xpa , ypa , zpa , wpa) as follows:

Tv
(
pf , pa

) = Tt
(−xpf ,−ypf ,−zpf ,−wpf

)
Txy(sin α, cos α)

× Tyz(sin β, cos β)Txz(sin γ, cos γ ) (2)

where

cos α = wpf − wpa√(
zpf −zpa

)2+
(

wpf −wpa

)2

sin α = zpf − zpa√(
zpf −zpa

)2+
(

wpf −wpa

)2

cos β =
√(

zpf −zpa

)2+
(

wpf −wpa

)2

√(
xpf −xpa

)2+
(

zpf −zpa

)2+
(

wpf −wpa

)2

sin β = xpa− xpf√(
xpf −xpa

)2+
(

zpf −zpa

)2+
(

wpf −wpa

)2

cos γ =
√(

xpf −xpa

)2+
(

zpf −zpa

)2+
(

wpf −wpa

)2

√(
xpf −xpa

)2+
(

ypf −ypa

)2+
(

zpf −zpa

)2+
(

wpf −wpa

)2

sin γ = ypa− ypf√(
xpf −xpa

)2+
(

ypf −ypa

)2+
(

zpf −zpa

)2+
(

wpf −wpa

)2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

The transformation matrix Tt is the 4-D translation matrix,
and the transformation matrices Txy, Tyz, and Txz are the 4-D
rotation matrices around the xy-, yz-, and xz-planes, respec-
tively. Therefore, the 3-D screen coordinates vs are obtained
from (1) as follows:

vs = (xs, ys, zs, ws)

=
(

Xs

vs
,

Ys

vs
,

Zs

vs
,

Ws

vs

)
. (3)

This algorithm enables various types of 4-D data to be
observed from an arbitrary 4-D viewing direction for an arbi-
trary 4-D eye-point. Moreover, by changing the parameters
k, h, and f of the 4-D perspective transformation matrix Tp,
we can visualize 4-D data not only with various 4-D viewing
fields, but also with projection methods, such as a perspective
projection, parallel projection, or slice operation.

Now, we consider the principal vanishing points in
3-D space. The points at infinity in the xw-, yw-, zw-,
and ww-directions are represented as Vxw(1, 0, 0, 0, 0),
Vyw(0, 1, 0, 0, 0), Vzw(0, 0, 1, 0, 0), and Vww(0, 0, 0, 1, 0),
respectively. Substituting these points into (1), we can obtain
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(a) (b)

Fig. 10. Difference in attitude of the 4-D eye-point caused by modification of the implementation. (a) Original visualization algorithm. (b) Our implementation.

the principal vanishing points vpx, vpy, vpz, and vpw on the
3-D screen from (3) as follows:

vpx = (
xvpx , yvpx , zvpx

)

=
(

h

k

1

tan β cos γ
,−h

k
tan γ, 0

)

vpy = (
xvpy , yvpy , zvpy

)

=
(

0,
h

k

1

tan γ
, 0

)

vpz = (
xvpz , yvpz , zvpz

)

=
(

−h

k

tan β

cos γ
,−h

k
tan γ,−h

k

1

tan α cos β cos γ

)

vpw = (
xvpw , yvpw , zvpw

)

=
(

−h

k

tan β

cos γ
,−h

k
tan γ,

h

k

tan α

cos β cos γ

)
(4)

where α, β, and γ are the parameters of the 4-D viewing
direction for the 4-D view field transformation.

From the converse relation of (4), it is assumed that we can
derive the parameters α, β, and γ if some principal vanish-
ing points are given in 3-D space. Based on this assumption,
we constructed an interaction algorithm that made position
changes of the principal vanishing points in 3-D space corre-
spond to movement of the 4-D eye-point in 4-D space [16].
This algorithm is composed of two processing steps. The first
estimates the positions of the principal vanishing points in 3-D
space in accordance with user operation. The second estimates
the parameters of the 4-D viewing direction in 4-D space using
the principal vanishing points in 3-D space to determine the
4-D eye-point.

We now discuss the first processing step. When one prin-
cipal vanishing point is picked and moved by a user in 3-D
space, the other three principal vanishing points should be
automatically allocated to the corresponding positions that sat-
isfy their geometric positional relationship in 3-D space. For
instance, suppose the principal vanishing points vpx_b, vpy_b,
vpz_b, and vpw_b are displayed in 3-D space at a 4-D eye-
point pf _b. When the principal vanishing point vpw_b moves
to vpw through user operations, (4) allows us to estimate
the other three vanishing points vpx, vpy, and vpz using the

position of the operated principal vanishing point vpw as
follows:

vpx = (
xvpx , yvpx , zvpx

)

=
(

− 1

xvpw

{(
h

k

)2

+ yvpw
2

}

, yvpw , 0

)

vpy = (
xvpy , yvpy , zvpy

)

=
(

0,− 1

yvpw

(
h

k

)2

, 0

)

vpz = (
xvpz , yvpz , zvpz

)

=
(

xvpw , yvpw ,− 1

zvpw

{(
h

k

)2

+ xvpw
2 + yvpw

2

})

. (5)

If another principal vanishing point is operated on, or if any
principal vanishing points are not displayed in 3-D space, the
estimation of the principal vanishing points can be achieved
in the same manner as in (5).

Next, we discuss the second processing step. For 4-D eye-
point control, we consider the movement of 4-D eye-point pf

along a 4-D spherical surface with radius r. The 4-D spherical
surface is centered at the origin of the 4-D world-coordinate
system. The 4-D observed point pa is fixed at the origin of
the 4-D world-coordinate system. Parameters α, β, and γ of
the 4-D viewing direction are derived from (4) as follows:

α = tan−1 zvpw√− zvpzzvpw

β = tan−1 −xvpw√− xvpx xvpw

γ = tan−1 −yvpw√− yvpy yvpw

. (6)

Substituting the coordinate values of the principal vanishing
points, for example, the coordinate values of (5), into (6),
we can determine the corresponding parameters α, β, and γ .
Finally, the 4-D eye-point pf is computed with the following
equation:

pf = [
xpf ypf zpf wpf 1

]

= [0 0 0 r 1]T−1
xz (γ )T−1

yz (β)T−1
xy (α) (7)

where the transformation matrices Txz, Tyz, and Txy represent
the 4-D rotation matrices around the xz-, yz-, and xy-planes,
respectively.
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APPENDIX B

IMPLEMENTATION OF THE VISUALIZATION ALGORITHM

AND THE INTERACTION ALGORITHM

As mentioned in Section III, we apply the parameters α, β,
and γ in (6) to the 4-D view field transformation matrix Tv

in (1), instead of introducing the 4-D eye-point pf in (7) and
the 4-D observed point pa into (1). That is, the 4-D view field
transformation matrix Tv of (2) is arranged and represented as
follows:

Tv
(
pf , α, β, γ

)

= Tt
(−xpf ,−ypf ,−zpf ,−wpf

)
Txy(α)Tyz(β)Txz(γ ). (8)

In this appendix, we explain the effect of this modification on
the implementation with a concrete example to better clarify
the 4-D interaction.

Suppose that the 4-D eye-point starts at the 4-D position
(0, 0, 0, r) on the ww-axis and moves to (0, 0, 0,−r) via a
zenith of the 4-D spherical surface (0, r, 0, 0) on the yw-axis,
where r(> 0) represents the radius of the 4-D spherical sur-
face. When the 4-D eye-point is in the 4-D half-space, which is
defined as the 4-D region satisfying 0 ≤ ww, the modification
of the implementation does not affect the visualization and the
interaction because the 4-D view field transformation matrix
Tv of (2) coincides with that of (8). The effect of the modifi-
cation becomes apparent once the 4-D eye-point arrives at the
zenith and enters the other 4-D half-space, which is defined
as the 4-D region satisfying ww < 0. This is the attitude of
the moving 4-D eye-point.

Fig. 10 shows the difference in the 4-D attitude brought
about by the modification of the implementation. For sim-
plification, we only describe the ywww-plane, which includes
the movement path of the 4-D eye-point, and focus on five
positions along the movement path. The attitude of the 4-D
eye-point at each position is expressed by the 4-D upper direc-
tion of the 4-D eye-point, represented by a red arrow. In
addition, in the figure, we include the values α, β, and γ

of the 4-D viewing direction for the corresponding method.
When we visualize 4-D space and objects according to the

original method using the 4-D view field transformation matrix
Tv of (2), which is derived from the 4-D eye-point pf of (7)
and the 4-D observed point pa, the values α, β, and γ of the
4-D viewing direction are in the range −π ≤ α ≤ π and
−π/2 ≤ β, γ ≤ π/2. In this case, the 4-D upper direction
is indefinite at the zenith of the 4-D spherical surface and is
reversed by 180◦ before and after the 4-D eye-point passes
through the zenith, as shown in Fig. 10(a). The continuity of
4-D observation is therefore lost, and the interaction becomes
unnatural at the zenith.

To remove this irregularity, we determine the parameters α,
β, and γ of the 4-D viewing direction of (6) in the range
−π ≤ α, β, γ ≤ π , depending on the movement history of
the 4-D eye-point, so that the attitude of the 4-D eye-point
is maintained before and after it passes through the zenith,
as shown in Fig. 10(b). Then, we do not generate the 4-D
view field transformation matrix Tv of (2), but that of (8). As
a result, we avoid the discontinuity in 4-D observation and
provide 4-D interaction in a natural style.

REFERENCES

[1] E. C. Tolman, “Cognitive maps in rats and men,” Psychol. Rev., vol. 55,
no. 4, pp. 189–208, Jul. 1948.

[2] J. Piaget and B. Inhelder, The Child’s Conception of Space. New York,
NY, USA: Norton, May 1967.

[3] R. N. Shepard and J. Metzler, “Mental rotation of three-dimensional
objects,” Science, vol. 171, no. 3972, pp. 701–703, Feb. 1971.

[4] M. A. Just and P. A. Carpenter, “Cognitive coordinate systems: Accounts
of mental rotation and individual differences in spatial ability,” Psychol.
Rev., vol. 92, no. 2, pp. 137–172, Apr. 1985.

[5] T. J. Branoff, “Spatial visualization measurement: A modification of
the purdue spatial visualization test—Visualization of rotations,” Eng.
Design Graph. J., vol. 64, no. 2, pp. 14–22, 2000.

[6] M. Kozhevnikov and M. Hegarty, “A dissociation between object manip-
ulation spatial ability and spatial orientation ability,” Memory Cogn.,
vol. 29, no. 5, pp. 745–756, Jul. 2001.

[7] M. Hegarty and D. Waller, “A dissociation between mental rotation
and perspective-taking spatial abilities,” Intelligence, vol. 32, no. 2,
pp. 175–191, Mar./Apr. 2004.

[8] E. R. Charstil and W. H. Warren, “From cognitive maps to cognitive
graphs,” PLoS ONE, vol. 9, no. 11, Nov. 2014, Art. no. e112544.

[9] P. J. Davis, R. Hersh, and E. A. Marchisotto, “Four dimensional intu-
ition,” in The Mathematical Experience, Study Edition. Cambridge, MA,
USA: Birkhäuser, 1995, pp. 442–447.

[10] T. N. Aflalo and M. S. Graziano, “Four-dimensional spatial reasoning in
humans,” J. Exp. Psychol. Human Perception Perform., vol. 34, no. 5,
pp. 1066–1077, Oct. 2008.

[11] M. S. Ambinder, R. F. Wang, J. A. Crowell, G. K. Francis, and
P. Brinkmann, “Human four-dimensional spatial intuition in virtual
reality,” Psychonomic Bull. Rev., vol. 16, no. 5, pp. 818–823, Oct. 2009.

[12] R. F. Wang, “A case study on human learning of four-dimensional
objects in virtual reality: Passive exploration and display techniques,”
in Proc. 4th Int. Conf. Front. Comput. Sci. Technol., Dec. 2009,
pp. 519–523.

[13] R. F. Wang, “Can humans form four-dimensional spatial representa-
tions?” in Space in Mind: Concepts for Spatial Learning and Education.
Cambridge, MA, USA: MIT Press, Nov. 2014, pp. 119–136.

[14] R. F. Wang, “Human four-dimensional spatial judgments of hyper-
volume,” Spatial Cogn. Comput. Interdiscipl. J., vol. 14, no. 2,
pp. 91–113, Jan. 2014.

[15] T. Miwa, Y. Sakai, and S. Hashimoto, “4-D spatial perception estab-
lished through hypercube recognition tasks using interactive visualiza-
tion system with 3-D screen,” in Proc. ACM SIGGRAPH Symp. Appl.
Perception, Tübingen, Germany, Sep. 2015, pp. 75–82.

[16] T. Miwa, Y. Sakai, and S. Hashimoto, “Four-dimensional eye-point con-
trol by principal vanishing points operation and its evaluation,” J. Soc.
Art Sci., vol. 12, no. 4, pp. 162–174, Dec. 2013.

[17] T. Miwa, Y. Sakai, and S. Hashimoto, “Four-dimensional viewing direc-
tion control by principal vanishing points operation and its application to
four-dimensional fly-through experience,” in Proc. 25th Aust. Comput.
Human Interaction Conf. Augmentation Appl. Innov. Collaboration,
Adelaide, SA, Australia, Nov. 2013, pp. 95–104.

[18] T. Miwa, Y. Sakai, and S. Hashimoto, “Interactive four-dimensional
space exploration using viewing direction control based on principal
vanishing points operation,” in Computer-Human Interaction. Cognitive
Effects of Spatial Interaction, Learning, and Ability (LNCS 8433).
Cham, Switzerland: Springer, Apr. 2015, pp. 21–46.

[19] A. K. Dewdney, “COMPUTER RECREATIONS: A program for rotating
hypercubes induces four-dimensional dementia,” Sci. Amer., vol. 254,
pp. 8–13, Apr. 1986.

[20] A. J. Hanson, “Computer graphics beyond the third dimension,” in
Course Notes for SIGGRAPH ’98. Orlando, FL, USA, Jul. 1998.

[21] B. Hausmann and H.-P. Seidel, “Visualization of regular polytopes in
three and four dimensions,” Comput. Graph. Forum, vol. 13, no. 3,
pp. 305–316, Aug. 1994.

[22] S. R. Hollasch, “Four-space visualization of 4D objects,” M.S. thesis,
Arizona State Univ., Tempe, AZ, USA, Aug. 1991. [Online]. Available:
http://steve.hollasch.net/thesis/

[23] K. Miyazaki and K. Ishihara, Four-Dimensional Graphics. Tokyo, Japan:
Asakura-Shoten, Sep. 1989.

[24] K. Miyazaki, M. Ishii, and S. Yamaguchi, Science of Higher-
Dimensional Shapes and Symmetry. Kyoto, Japan: Kyoto Univ. Press,
Feb. 2005.

[25] N. Neophytou and K. Mueller, “Space-time points: 4D splatting on effi-
cient grids,” in Proc. IEEE Symp. Vol. Vis. Graph., Boston, MA, USA,
Oct. 2002, pp. 97–106.

http://steve.hollasch.net/thesis/


266 IEEE TRANSACTIONS ON COGNITIVE AND DEVELOPMENTAL SYSTEMS, VOL. 10, NO. 2, JUNE 2018

[26] J. Woodring, C. Wang, and H.-W. Shen, “High dimensional direct
rendering of time-varying volumetric data,” in Proc. 14th IEEE Vis.,
Oct. 2003, pp. 417–424.

[27] M. D’Zmura, P. Colantoni, and G. D. Seyranian, “Virtual environ-
ments with four or more spatial dimensions,” Presence, vol. 9, no. 6,
pp. 616–631, Dec. 2000.

[28] X. Yan, C.-W. Fu, and A. J. Hanson, “Multitouching the fourth
dimension,” IEEE Comput., vol. 45, no. 9, pp. 80–88, Sep. 2012.

[29] J. C. Aguilera, “Virtual reality and the unfolding of higher dimen-
sions,” in Stereoscopic Displays and Virtual Reality Systems XIII
(Proceedings of SPIE), vol. 6055. Bellingham, WA, USA: SPIE,
Jan. 2006, pp. 605–612.

[30] Y. Sakai and S. Hashimoto, “Interactive four-dimensional space visu-
alization using five-dimensional homogeneous processing for intuitive
understanding,” J. Inst. Image Inf. Television Eng., vol. 60, no. 10,
pp. 1630–1647, Oct. 2006.

[31] Y. Sakai and S. Hashimoto, “Four-dimensional space visualization with
four-dimensional viewing field control,” Bull. Soc. Sci. Form, vol. 21,
no. 3, pp. 274–284, Mar. 2007.

[32] Y. Sakai and S. Hashimoto, “Four-dimensional space-time visualization
for understanding three-dimensional motion,” J. Inst. Image Electron.
Eng. Japan, vol. 36, no. 4, pp. 371–381, Jul. 2007.

[33] Y. Sakai and S. Hashimoto, “Four-dimensional mathematical data visual-
ization via ‘embodied four-dimensional space display system,”’ Forma,
vol. 26, no. 1, pp. 11–18, May 2011.

[34] Y. Sakai and S. Hashimoto, “Four-dimensional geometric element defi-
nitions and interferences via five-dimensional homogeneous processing,”
J. Vis., vol. 14, no. 2, pp. 129–139, Jun. 2011.

[35] M. Hegarty, “Mechanical reasoning by mental simulation,” Trends Cogn.
Sci., vol. 8, no. 6, pp. 280–285, Jun. 2004.

[36] D. L. Schwartz and J. B. Black, “Shuttling between depictive models
and abstract rules: Induction and fallback,” Cogn. Sci., vol. 20, no. 4,
pp. 457–497, Oct. 1996.

[37] M. Stieff, “Mental rotation and diagrammatic reasoning in science,”
Learn. Instruct., vol. 17, no. 2, pp. 219–234, Apr. 2007.

[38] J. D. Foley, A. van Dam, S. K. Feiner, and J. F. Hughes, Computer
Graphics: Principles and Practice, 2nd ed. Reading, MA, USA:
Addison-Wesley, Aug. 1995.

[39] K. Kondo, F. Kimura, and T. Tajima, “Estimation of a point of view
with perspective drawing and the application,” Trans. Inf. Process. Soc.
Japan, vol. 29, no. 7, pp. 686–693, 1988.

[40] M. Peters et al., “A redrawn Vandenberg and Kuse mental rotations test:
Different versions and factors that affect performance,” Brain Cogn.,
vol. 28, no. 1, pp. 39–58, Jun. 1995.

[41] M. Hegarty, A. E. Richardson, D. R. Montello, K. Lovelace, and
I. Subbiah, “Development of a self-report measure of environmental
spatial ability,” Intelligence, vol. 30, no. 5, pp. 425–447, Sep./Oct. 2002.

[42] M. Kawahara and K. Matsuoka, “Development of the visual imagery
style questionnaire,” Jpn. J. Mental Imagery, vol. 7, no. 1, pp. 19–31,
2009.

[43] M. S. McGlone and J. Aronson, “Stereotype threat, identity salience,
and spatial reasoning,” J. Appl. Develop. Psychol., vol. 27, no. 5,
pp. 486–493, Sep./Oct. 2006.

[44] Z. Estes and S. Felker, “Confidence mediates the sex difference in
mental rotation performance,” Archives Sexual Behav., vol. 41, no. 3,
pp. 557–570, Jun. 2012.

[45] J. Wai, D. Lubinski, and C. P. Benbow, “Spatial ability for stem domains:
Aligning over 50 years of cumulative psychological knowledge solid-
ifies its importance,” J. Edu. Psychol., vol. 101, no. 4, pp. 817–835,
Nov. 2009.

[46] Y.-L. Chenga and K. S. Mixa, “Spatial training improves children’s
mathematics ability,” J. Cogn. Develop., vol. 15, no. 1, pp. 2–11,
Jan. 2014.

[47] C. C. Presson and D. R. Montello, “Updating after rotational and trans-
lational body movements: Coordinate structure of perspective space,”
Perception, vol. 23, no. 12, pp. 1447–1455, Feb. 1994.

[48] O. Blanke et al., “Linking out-of-body experience and self processing to
mental own-body imagery at the temporoparietal junction,” J. Neurosci.,
vol. 25, no. 3, pp. 550–557, Jan. 2005.

[49] M. Kozhevnikov, M. A. Motes, B. Rasch, and O. Blajenkova,
“Perspective-taking vs. mental rotation transformations and how they
predict spatial navigation performance,” Appl. Cogn. Psychol., vol. 20,
no. 3, pp. 397–417, Apr. 2006.

[50] A. Wohlschläger, M. Gattis, and H. Bekkering, “Action generation and
action perception in imitation: An instance of the ideomotor principle,”
Philosoph. Trans. Roy. Soc. London B Biol. Sci., vol. 358, no. 1431,
pp. 501–515, Feb. 2003.

[51] M. Wraga, W. L. Thompson, N. M. Alpert, and S. M. Kosslyn, “Implicit
transfer of motor strategies in mental rotation,” Brain Cogn., vol. 52,
no. 2, pp. 135–143, Jul. 2003.

[52] K. Lynch, The Image of the City. Cambridge, MA, USA: MIT Press,
Jun. 1960.

[53] A. J. Hanson and H. Zhang, “Multimodal exploration of the fourth
dimension,” in Proc. IEEE Vis., Minneapolis, MN, USA, Oct. 2005,
pp. 263–270.

[54] H. Zhang and A. J. Hanson, “Shadow-driven 4D haptic visualiza-
tion,” IEEE Trans. Vis. Comput. Graph., vol. 13, no. 6, pp. 1688–1695,
Nov./Dec. 2007.

Takanobu Miwa received the B.Eng. and M.Eng.
degrees in pure and applied physics from Waseda
University, Tokyo, Japan, in 2010 and 2012, respec-
tively. From 2012 to 2015, he was a Ph.D. student
in the Graduate School of Science and Engineering,
Waseda University.

From 2010 to 2015, he was a Part-Time Lecturer
with Waseda Jitsugyo Gakko, Tokyo. Since 2015,
he has been a Research Associate with the Faculty
of Science and Engineering, Waseda University. His
current research interests include scientific visualiza-

tion, cognitive science, human–computer interaction, and image processing.

Yukihito Sakai received the B.E. and M.E. degrees
in mechanical engineering, and the Ph.D. degree in
pure and applied physics from Waseda University,
Tokyo, Japan, in 1999, 2001, and 2008, respectively.

From 2001 to 2004, he was a Systems Engineer
with Toshiba Corporation, Tokyo. From 2004 to
2007, he was a Visiting Research Associate with
the Faculty of Science and Engineering, Waseda
University, where he was a Research Associate,
from 2007 to 2009. From 2009 to 2012, he was
an Assistant Professor with the Faculty of informa-

tion Sciences and Arts, Toyo University, Tokyo. Since 2012, he has been
an Associate Professor with the Faculty of Engineering, Fukuoka University,
Fukuoka, Japan. His current research interests include graphic science, com-
puter graphics, and interactive systems, in particular, 4-D graphics and 4-D
interactions.

Shuji Hashimoto (M’03) received the B.S., M.S.,
and Dr.Eng. degrees in pure and applied physics
from Waseda University, Tokyo, Japan, in 1970,
1973, and 1977, respectively.

Since 2000, he was the Director of the Humanoid
Robotics Institute, Waseda University, where he is a
Professor with the Department of Applied Physics.
His current research interests include “KANSEI”
information processing, image processing, meta-
algorithm, artificial intelligence, and robotics.

Dr. Hashimoto is a member of major aca-
demic societies, including the Institute of Electronics, Information and
Communication Engineers, Information Processing Society of Japan, and the
Robotics Society of Japan.

emilydonovan
Sticky Note
bodly movemet in 4d




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZapfChancery-MediumItalic
    /ZapfDingBats
    /ZapfDingbatsITCbyBT-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




