Electromagnetic interaction momentum and simultaneity
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Using a simple example of two interacting electric charges, we show that different observers see a
different distribution of momentum between the particles and the electromagnetic field, and we
discuss how this is related to the relativity of simultanéitfyhich has to be taken into account even

if it seems that we are in a “nonrelativistic” approximation© 2001 American Association of Physics
Teachers.
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[. INTRODUCTION relativity of simultaneity(or the constancy of the speed of
light) can appear even at “nonrelativistic” velocities.

The concept of momentum in electromagnetic fields has
been the object of innumerable discussions, particularly i THE EXAMPLE
connection with the classical model of the electron. One of
the problems of the classical model of the electron was that if Let us consider a system of two identical charged particles
one calculates the integral over all space of the Poyntingach of massn and chargey, moving freely only under the
vector of the electron moving with velocity, and callsm effect of each other’s field, with initial conditions such that

the electrostatic energy of the resting electron dividedhy the motion of both particles is on the same straight line con-

its electromagnetic momentum does not comeraut but ~ "€cting themilet us call this axisy). . .
4 . . In a suitable reference frant let particle 1 with charge
smo (in other words the energy—momentum four vector is

. 97 . . be atz=0 and the other one, with equal cha
not “covariant”). Related to this is the fact that the inertial * " "y qua’ charge=q;
- o 4 =(, be atz=r at the same time, both with instantaneous
mass (self-force divided by acceleratipnis also 3m. oo - . . .
Poincaré accounted for the-! by taking into account the velocity v =0. Their interaction will accelerate them in op-
: €75 Dy 9 . osite directions, but we suppose their mass is large enough
momentum associated with the nonelectromagnetic stress

. B that acceleration and radiation are negligible, as well as
"eeP'F‘g the electron tog:athéwhat has.'atef bepome known the change in velocity during the tinréc. The mechanical
as “hidden momentum,” an expression first introduced by

Shockley and recently discussed and reviewed in thismomentum of the particles is zero, and for symmetry reasons
; - Y D67 S also the electromagnetic field momentum is zero. The mass
journaf=). More recently, Rohrlich’ criticized Poincars

argument and avoided tHgfactor by assuming that the elec- of the two particles is &, and the energy of the field Id

_ 2 - . . .
tromagnetic energy—momentum density was not given by_q /:j_('_r(; (:;jatl:sszlap units TQ? ”z‘ass of the systefits en-
Poynting’s vector, but made a new, covariant definition. ThisSdy divided byc®) is 2m+q~/rc*. ,
new definition was also criticize We want to evaluate the momentum of this system as seen

A useful way to clarify concepts is to make simple ex- by an observe_S’ moving in the d_irection—z with velocity
amples, in which the concept is isolated without technical- From classical electromagnetic theory, we know that the
and computational complications. The example of twoMomentum in the field can be calculated as the volume inte-
charges is one of the simplest, and along this line severdral of Poynting’s vector. ,
papers have been written, which have clarified some con- What one would be tempted to say is that, apart from the
cepts of classical electrodynamics. In particular we refer to &"€chanical momentumriy of the two masseswhich in-
paper by Boyet® who showed the origin of the mass— cludes the contribution of the ellectromagn(_atlc field of each
energy equivalence in classical electromagnetism, one bgharge—here we do not enter into a classical model of the
Griffths and Owert! who discuss the mass, energy, and mo_elect_ror), the_re is an interaction momentun? which can be
mentum of two rigidly connected interacting charges, and £Pt@inéd by integrating the part of Poynting’s vector due to
recent paper showing the effect of retardation on the energ{® interaction E;X B§+ E22>< By) over the whole space.
balance in coherent radiatidfln particular, an advantage of ThiS tums out to be @’v/rc”. This has been calculated di-
considering the interaction field of two charges is that we ddectly by Griffiths and Owen; and can be easily determined
not need hypotheses on the inner structure of the electron.also™ asqiA; +d,A,, whereA is the vector potential at the

We want to discuss how different reference systems seéh particle due to the other one. The total momentum would
the momentum of two interacting particles, showing the relathen be (2n+ 29°%/rc?)v. But if we consider the field en-
tivity of the partition of the total momentum into a “par- ergy, which contributes to the mass of the systesican be
ticle” momentum and an “interaction” one, and how this is seen classically) with a termU/c?, we would expect the
related to the relativity of simultaneity. field momentum to b&v/c? and not 2Jv/c?.

Our calculation will be nonrelativistic, in the sense that we  But this argument has neglected the fact that each observer
consider reference frames moving with veloditysuch that  sees simultaneity in a different way. In order to determine
v?/c?<1. This approximation is not necessary, as it wouldthe momentum of the system 8f, one has to add simulta-
not be much more difficult to deal with arbitrarily large ve- neous values. Now, whil& sees the two particles having
locities. But it is interesting to see that effects related to the=0 as simultaneous events, the events when the particles
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have exactly the velocity are not simultaneous i8', but ~ words, Poincarestresses are necessary for stability, not for
have a time difference=rv/c? (the Lorentz factor being 1 covariance: the introduction of stabilizing forces makes the
in our approximation While, for our assumption of large covariance of the energy—momentum independent of the
masses, the interaction momentum varies little in a timdime at which the two interacting points are considered, thus
ru/c?, the same is not true of the contribution of the masseshiding the problem of simultaneity. In this sense, Rohfiith

Let us take the instaritwhereq, has exactly velocity, was right to say that stgblllty and covariance are two differ-
while g, will reach the same velocity after the timeDuring ™t gropleg)?s. HOV\ée\]iQI’ It ?\ISO appears that it is noé necessary
this time interval the force afj; on g, will give the latter an (or desirablg to redefine the energy—momentum density as

Rohrlich does.
H — 27,2 2\ _ (2 2 HTE H
impulseF 7=(q/r)v(r/c?) =q-/rc (still, in the approxi- This example also teaches us something about “relativis-

mation of large masses,andF can be considered constant i and “nonrelativistic” approximations: Although we
during this small time interval Then at timet the chargey, said we made a “nonrelativistic” approximationo?{/c?
has a momenturmo _qzv”c_z- <1), the simultaneity as defined in relativity does have to be
Therefore, forS’, at that instant the two masses have aigken into account.

momentummo + (mv — g?v/rc?), while the e.m. field has a
momentum 22v/rc?. In total, the momentum is (8 ACKNOWLEDGMENTS
+q%v/rc?)v, or the total mass times, as it should be.
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III. ANOTHER REMARK R. De Renzi, G. Mambriani, and D. J. Griffiths.

For completeness we mention the case of two particleS*Electronic mail: coisson@fis.unipr.it

connected with a rigid bafthough it has already been dis- 'H. Poincaie*Sur la dynamique de ['ectron,” Rend. Circ. Mat. Palermo
cussed in the cited literaturdn this case their velocities and 21, 129-173(1906. ' _ _
momenta are constant, so it does not matter whether we meaY/- Shockley and R. P. James, “"Try simplest cases’ discovery of “hidden
sure them at the same time or not, and there is no problem oﬂgggmum forces on ‘magnetic currents,”” Phys. Rev. L£8, 876-879
simultaneity for the calculation of the particle moment&in 3£ comay, “Exposing *hidden momentum, * Am. J. Phy64, 1028—
(and in the approximation?/c?><1, the lengths seen b$ 1034(1996.
andS' are the sameIn order to keep the distance constant, 4V. Hnizdo, “Hiddep momenaum and the electromagnetic maﬁs _of a charge
the bar is stressed. Even if in the syst&the stress is not ~ 2d current carrying body,” Am. J. Phy§5, 55-65(1997; “Hidden

. . LT mechanical momentum and the field momentum in stationary electromag-
related to any kind of energgi.e., the rod is rigig, never- netic and gravitational systemsg5, 515-518(1997.
theless in the syster® a classical flow of energy appears: ®actually, most recent discussions have focused on cases where a system at
not only does the electromagnetic field perform work, but rest has a nonzero electromagnetic momentum, which is compensated for
mechanical forces do too; as the rod pulls back the forward by a mechanical momentum connecte_d with an energy flux; but a similar
paricle and pulls forward the back: one, it does negaive Phrerieir s haeers for s movng st v e v mmenta
WO_rk on the forward one and positive WO”; on the other one. a momentum associated with an energy flam effect related to the mass—
This means a transfer of pow&/=Fv=q“/r along the energy equivalenges for example when a stressed body is moving. For a
rod in the backwards direction, and in relativity a flow of discussion of the properties and relativistic transformations of the stress—
energy implies a momentum. #is the rod’s cross section, =~ momentum—energy tensor see Ref. 14. '
and the stress i§/s, the observerS' sees a momentum Ehssogglcgég;‘sfillf;(eln:égy and stability of the classical electron,” Am. J.
denSItva/SC2,14 and a total momenturfivr/c?. This “hid- F. Rohli,ch, “Comment on the preceding paper of T. H. Boyer,” Phys.
den” momentum compensates for the one half of the Poyn- rey. D25, 3251-32551982.
ting term that is in excess. 8F. R. Tangherlini, “Self-stress, covariance and the classical electron,”

Essentially this is the argument used by Pointéve cal- Am. J. Phys31, 285-288(1963.

culating the momentum due to the forces keeping the e|ec_9T. H. Boy(_er, ‘_‘Classical mode’I’ of the electron and the definition of elec-
tron togethexin this geometry of our example the factor 2 is , /omagnetic field momentum,” Phys. Rev. 2, 324632551982

> . . OT. H. Boyer, “Electrostatic potential energy leading to an inertial mass
4 1
the analog of the; in the spherical case of the classical ange for a system of two point charges.” Am. J. PG, 383—385

electron modgl (1978.
Hp. J. Griffiths and R. E. Owen, “Mass renormalization in classical elec-
IV. CONCLUSIONS trodynamics,” Am. J. Phys51, 1120-11261983.
12R. Cdsson, “Energy balance in coherent electromagnetic radiation,” Eur.
In conclusion, we see that the two reference systBiansd J. Phys.15, 20-32(1994.

. . . . . 13 n :
S’ in uniform motion relative to each other see a different ?A]?'Asen}or;ﬁnd ééthiggiylcl)réeg{?ggghts on the magnetic vector poten-
o : ial,” Am. J. Phys.64, - .
lglslglbu“on of the momentum between the partlcles and the“c. Moaller, Theory of RelativityOxford U.P., Oxford, 196 Chap. VI.
ield. . . The discussion in Ref. 9 on the stabilizing forces in the classical electron
We see that stability of the system is not necessary to getmodel is interesting for understanding the connection between “hidden

the covariance of the total energy—momentum. In other momentum” and the relativity of simultaneity.
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